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Abstract: Two major generalizations of the hyperbolic secant distribution
have been proposed in the statistical literature which both introduce an addi-
tional parameter that governs the kurtosis of the generalized distribution. The
generalized hyperbolic secant (GHS) distribution was introduced by Hark-
ness and Harkness (1968) who considered the p-th convolution of a hyper-
bolic secant distribution. Another generalization, the so-called generalized
secant hyperbolic (GSH) distribution was recently suggested by Vaughan
(2002). In contrast to the GHS distribution, the cumulative and inverse cu-
mulative distribution function of the GSH distribution are available in closed-
form expressions. We use this property to proof that the additional shape pa-
rameter of the GSH distribution is actually a kurtosis parameter in the sense
of van Zwet (1964).
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1 Introduction

The hyperbolic secant distribution — which was studied by Baten (1934) and Talacko
(1956) — has not received sufficient attention in the literature, although it has a lot of
nice properties: All moments and the moment-generating function exist, it is reproduc-
tive (i.e. the class is preserved under convolution) and both the cumulative and the inverse
cumulative distribution function admit a closed form. In addition, the hyperbolic secant
distribution exhibits more leptokurtosis than the normal and even more than the logistic
distribution. Nevertheless, generalizations have been proposed that introduce an addi-
tional parameter which increase the "kurtosis” of the hyperbolic secant distribution. At
first, Baten (1934) discussed the surmahdependent random variables, each having the
same hyperbolic secant distribution. More general, Harkness and Harkness (1968) inves-
tigated thep-th convolution of hyperbolic secant variables for arbitrary positive 0

which, unfortunately, doesn’t admit a closed-form representation for the cumulative and
the inverse cumulative distribution function. Recently, Vaughan (2002) suggested a fam-
ily of symmetric distributions, the so-called generalized secant hyperbolic (GSH) dis-
tribution. This family includes both the hyperbolic secant and the logistic distribution.
Moreover, it closely approximates the Student t-distribution with corresponding kurtosis.
In addition, the moment-generating function and all moments exist, and the cumulative
and inverse cumulative distribution are again available in closed form. The range of "kur-
tosis” — measured by the fourth standardized moments — varies fr8rto infinity.

Within this note we proof that the additional parameter of the GSH distribution is indeed
a kurtosis parameter which preserves the kurtosis ordering of van Zwet (1964).



2 The generalized secant hyperbolic (GSH) distribution

The above-mentioned standayeneralized secant hyperbo(iGSH) distribution — which
is able to model both thin and fat tails — was introduced by Vaughan (2002) and has
density

exp(ca(t)x)

" exp(2e2(t)) + 2a(t) explea(t)x) + 17 reR (1)

fasu(z;t) = c1(t)

with

alt) = cos(t), es(t) = /L, ey(t) = U ey(1), for — 7 <t <0,

a(t) = COSh(t), CQ(t) — 7r2;)rt27 Cl(t) — %h(t) . Cg(t), fort >0

The density from (1) is chosen so th&t ~ f;sy(2) has zero mean and unit variance,
the range of the "kurtosis parameteris € (—, co). The GSH distribution includes the
logistic distribution { = 0) and the hyperbolic secant distribution-€ —7 /2) as special
cases and the uniform distribution ()n\/g, \/§) as limiting case fot — oo. Vaughan
(2002) derived, amongst other properties, the cumulative distribution function, depending
on the parameter, given by

1+1 arccot(—%) fort e (—,0),

Fosnla;t) = #//fjg) for t = 0,

1— %arccoth(eXp(@gﬁ)(j)“’Sh(t)) fort > 0.

the inverse distribution function, given by

Lln( sintu) ) furt € (—,0),

ca(t) sin(¢(1—u))

Foap(ust) = ¢ B1n (££) firt = 0,
1 sinh(tu) B
0 In (—sinh(t(l—u))> furt > 0.

However, it was not proved that the "kurtosis parametés actually a kurtosis parameter
in the sense of van Zwet(1964). This will be done in the next section.

3 GSH distribution and kurtosis ordering

Van Zwet (1964) introduced a partial ordering of kurtosis on the set of symmetric
distribution functionsF*. Let F',G € F* andur denote the location of symmetry éf,
then=jg is defined by

(A) F =5G:+= G YF(r)) isconvex forr > up

and means that has higher kurtosis thafi. Balanda and MacGillivray (1990) gener-
alized this partial ordering of van Zwet by using so-called spread functions defined as
symmetric differences of quantiles:

Sp(u) = F'u) — F'(1—u), u>0.5.



In the sense of Balanda and MacGillivray (1990), an arbitrary continuous, monotone in-
creasing distribution functio/’ has less kurtosis than an equally distribution functibn
if

(B) F =5G:<= Sg(Sz'(z)) isconvexforz > F~1(0.5).

If F'is symmetric,F"!(u) = —F~1(1 — u) for u > 0.5, so thatSr(u) = 2F 1 (u) u >

0.5. This means that the spread function essentially coincides with the quantile function.
It can be shown that (A) and (B) coincide in this case. The aim of this note is to prove
that the parameterfrom (1) is a kurtosis parameter in the sense of van Zwet (1964).

Proposition 3.1 (Kurtosis ordering) Assume thak’; (X5) follows a generalized secant
hyperbolic distribution with parametés (¢,) and corresponding cumulative distribution
functionsF, (Fy). If t; < t9, thenFy <¢ [}, i.e. F} has higher kurtosis tha@’, (in the
sense of van Zwet).

Proof. To prove this result, we distinguish between 4 cases:
Casel —7w <ty <ty <O,
Case 2 —7 <ty,ty =0,
Case 3t =0,ty > 0,
Cased0<t; <ty

and refer to transitivity which was shown by Oja (1981, Theorem 5.1). According to
equation A), we have to show that

FY(Fy(u)) isconvexforl/2 <u <1
or, equivalently,

-1
Au) = w is strictly monotone increasing fay2 < u < 1.
OF;  (u)/0u

Case 1 Assume—7 < t; < ty < 0.

Preliminary remarks: If-7 < t; < t, < 0and1/2 < u < 1, thent,(u — 1/2) €
[—7/2,0] andty(u — 1/2) € [—n/2,0] . Moreover, bottsin(x) andcos(z) are strictly
monotone increasing dr-7/2, 0].

Part 1. Paraphrasingl(u). Firstly,

OF; " (u)
ou

Consequently,

— 1,/ca(ts) [cot(tiu) +eot(ti(1 — )| foro<u<1,i=1,2.

_ t/ea(ty)  cot(tiu) + cot(ty (1 — u))

Alu) = ta/ca(ts) cot(tau) + cot(ta(1l —u))’




Usingcot(a) + cot(3) = %*ﬁ)) (see Bronstein and Semendjajew, [2.5.2.1.1]),

sin(a) sin(8
sin(t1) . . .
Alu) = ti/es(ty)  Smmmsminwy _ t/ea(ty)sin(t) | sin(tyu) sin(ty(1 — u))
to/co(t2) sin(tz) to/co(ts) sin(ty)  sin(tyu) sin(t(1 — u))’

sin(tou) sin(t2(1—u))

Now, because < t; < t, < 0,sin(t;) < 0 andsin(¢y) < 0. Hence,

. tl/CQ(tl) SiIl(t1>
Kot = oy sntt)

Finally, usingsin(«a) sin() = 1/2(cos(a — 3) — cos(a+3)) (see Bronstein and Semend-
jajew, [2.5.2.1.1)),

cos(2ta(u — 1/2)) — cos(tz)
cos(2t;(u — 1/2)) — cos(ty)

A(U) = K(tl,tg) . > 0,

becauseos(x) is strictly monotone increasing fore [—, 0).

Part 2: Proof of the convexity. We have to show thétu) is strictly monotone increasing
on[l/2,1). Thisis true, ifA'(u) > 0 for [1/2,1):

Al(u) = w {( — sin(2ta(u — 1/2))2t2) : <cos(2t1(u —1/2)) — cos(t1)>
—( — sin(2t: (u — 1/2))2751) - (cos(2t2(u —1/2)) — cos(tg))}

with N = [cos(2t;(u — 1/2)) — cos(t;)]* > 0. Using the monotony of the cosinus on
[_ﬂ-7 0)7

—2t9(cos(2t1(u — 1/2)) — cos(t1)) > 0 and — 21 (cos(2ty(u — 1/2)) — cos(tz)) > 0

for1/2 <u < land—m <t <ty < 0. Defining

K*(t1, s, 1) = min {—2t2(cos(2t1(u—0.5))—cos(t1)); —2t1(cos(2t2(u—0.5))—cos(tg))},

we get
A > Kb tz)[jv* (12, ) (sin(2ta(u —1/2)) - sin(2t: (u — 1/2)))
EREGE t2>[§ (t, t2, u) (2sin(ta(u — 1/2)) cos(ta(u — 1/2))

— 2sin(t(u — 1/2)) cos(t1 (u — 1/2)))=

where we usedin(2a) = 2sin(a) cos(a) (see Gradshteyn and Ryzhik, [1.333.1]). Ac-
cording to the preliminary remarks,

sin(ty(u — 1/2)) cos(ta(u — 1/2)) — sin(t; (v — 1/2)) cos(ty (v — 1/2)) > 0



for —m <t; <ty <0andl/2 <wu < 1implying thatA’(u) >0 for1l/2 <wu < 1.
Case 2 Assumet; € [—,0) andty, = 0.
The inverse distribution function of a GSH variable with= 0 is given by

Fy ' (u) = ?m ( -

), 0<u<l.

1—u

Consequently, fob < u < 1,

B (k) -2 )

Thus, for—m <ty < 0and0 < u < 1,

OF ™ (u)/0u _ t1/ca(t1)[cot(tiu) + cot(t1(1 — u))]

OFy ' (u)/0u V3/m -1/ (u(l —u))

_ t1/co(ty)  sin(ty)(u(l —u)) _ msin(t)  (hw)(t(1 —w))
V3/m sin(tiu) sin(ti (1 —w))  cy(ty)tv/3  sin(tiu)sin(ty (1 —u))

The first derivation is given by

Au) =

ty sin(tyu) — (t1)*u cos(tyu) t1(1 —u)

Au) = K(t) (

sin(tyu)? “sin(ty (1 — )
—tysin(t (1 —u)) + (t1)*(1 — u) cos(t1(1 — u)) -t
- sin(ty (1 — u))? sin(tm))

K(t)tityut (1 — u) ([ 1

= sin(tyu)sin(h (1 —w) \Lha cot(tu)] ~ |

— cot(t (1 — u))])

tl(l — U)
for —m < t; < 0and0 < u < 1 with
in(t
msin(ty) -0
e (t)tV3

Note that a series expansion to the(x) for 0 < |z| < 7 (see Gradshteyn and Ryzhik,
[1.441.7]) is given by

K(ty) =

1 o= 2%|Byy| o
cot(x) = — — | , T |x2’_1,
z = (2)

(2)

whereB;, i = 1,2, ..., denotes the numbers of Bernoulli. Applying (2) foe= ¢;u and
r=t(1—u),

oy tiuti (1 —u) — 2% Ba| L2l — 2%|Bay| )2
A'(u) _K(tl)tlsin(tlu) sin(tr (1 — ) <22:1: (2i)! (t1u) ; (20)! (t1(1 ) >

For—m < t; <0,
tlutl(l — U)

'sin(hu) st (1—a) ~

K(t)t



The term in brackets is negative becatigé —u) > tyu and(t; (1 —u))* ! > (tju)* 1,
i =1,2,...for1/2 < u < 1 andt; < 0. Combining both resultsd’(x) > 0 for
—m < t; < 0andl/2 < u < 1. This completes the proof of case 2.

Case 3 Assumet; = 0 andty > t5.

As calculated above,

OF; ! t
28 (v) = é i [coth(tgu) + coth(ta(1 —w))|, 0<u<l,
u Ca(l2
with ¢, (t3) = ”23”5 > ( for t, > 0. It now follows that

OF\w/ou _ VEm 1/l —w)

OF; Y(u)/ou  ta/ca(ts) coth(tau) + coth(ta(1 — u))

_ V3ty _sinh(tyu) sinh(t2(1 — u))
SiHh(tg)/CQ(tg) thtg(l — U) '

Alu) =

Defining

3ty
Sinh(tQ)/CQ(tQ)
then — analogue to case 2, but now using hyperbolic functions¢; fer0,

K(ts)

>0 forty, >0,

Sinh(tijl);:?il(_tgl(j —u)) . ([coth(tQU) - 1/(t2u)]

[ coth(ta(1 — w) — 1/(t2(1 — u))])

A/(u) = K(tg)tg .

Now definez(x) = coth(xz) — 1/x which is strictly monotone increasing far > 0,
because by means sihh(z) > x for x > 0,

1 1
5+ >0

Y@ = ~Gamye T 2

Hence, fromiy (1 — u) < toufor 1/2 < u < 1 andt, > 0 follows

coth(tau) — 1 /(tgu)} - [coth(tg(l —w)) — 1/(ta(1 — u))] >0,

This completes the proof of case 3.



Case 4 Assumet; > 0 andty > t5.

Similar to case 1 we have for< « < 1

sinh(¢1)

A(u) _ tl/CQ(tl) ) sinh(t1u) sin(t1 (1—u)) _ tl/CQ(tl) sinh(tl) ) sinh(tgu) Slnh(tg(l — U))
to/ca(ty) - . )sil?h}(lté)(l_ . ta/co(te) sinh(ty) sinh(tyu)sinh(t(1 —w))’
Defining

. tl/CQ (tl) sinh(tl)
Klhote) = ) snh(y)

the first derivative ofA is given by

sinh(¢ou) sinh(to(1 — w))

sinh(tyu) sinh(#; (1 — w))

'[tz(COth(tQU) — coth(ta(1 —u))) — t1(coth(tyu) — coth(ty (1 —w)))|.

A/(U> = K(tl, tg) .

Now,
z(t) = coth(tu) — coth(¢(1 —w)) is stictly monotone increasing for> 0, (3)

if the first derivativez’(¢) is positive: Fort > 0, 1/2 < u < 1,

1—wu U
Sobh(E(1— o)) smbwp 0
t(1 —u) B tu -0 PN

[sinh(¢(1 —w)))]?  [sinh(tu)]?

. [sinh(¢(1—u))])?
tu  [sinh(¢(1 —u)))? o

i—w b 0 Sinh(tu)]?

tu

11— < 1.

[sinh(z)]?

To prove the last inequality, we show thatr) =
x> 0. Usingz > tanh(x),

is monotone increasing for

_ 2sinh(e) coshiw)e = fsinh(@)FF _ [eosh(@) 1) (e — [tanh (o))

f'(x)
S [cosh(z)]?

tanh(z)z > 0.
T

From equation (3) follows that
coth(tau) — coth(ta(1 — w)) > coth(t;u) — coth(t;(1 — u))
and

to [coth(tgu) — coth(ta(1 — u))] —t [coth(tlu) — coth(t(1 — u))] > 0.

ConsequentlyA’(u) > 0for1/2 <u < 1.0
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